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$G$ : $G=KAN$ Lie ( $G$ ,






, $\pi$ ($N$ $\varpi$ ) Whittaker ( $\varpi$
).






’ $:=\{X\in \mathfrak{g};\mathrm{a}\mathrm{d}(H)X=\alpha(H)X(\forall H\in a)\}$ for $\alpha\in a^{*}$
.
$\Sigma(\mathfrak{g})=\{\alpha\in a^{*}\backslash \{0\};\mathrm{B}^{\alpha}\neq\{0\}\}$ .
$\Theta\subset$ $(\mathfrak{g})$
$W_{\Theta}:=\langle s_{\alpha} ; \alpha\in\Theta\rangle\subset W,$ $W(\Theta):=\{w\in W;w\Theta\subset\Sigma(\mathfrak{g})^{+}\}$ ,
$W(\Theta)\mathrm{x}W_{\Theta}arrow\sim W$ : $(w_{1}, w_{2})-*w_{1}w_{2}$
(s $\alpha$ ).
$W(\Theta)$ $W/W\ominus$
, $w_{1}w_{2}$ $w_{1}$ $w_{2}$ .
$P=MAN:G$ ( $M=Z_{K}(a)$ )
$P_{\mathrm{O}-}:=PW_{\Theta}P=M_{\Theta}A_{\Theta}N_{\mathrm{O}-}=G_{\Theta}N_{\Theta}$ : $P$
$M_{\Theta}A_{\Theta}N_{\Theta}$ $P_{\Theta}$ Langlands , $p_{\Theta}$ Levi $G_{\Theta}=M\mathrm{o}- A_{\Theta}$
Lie , $\Psi(\mathfrak{g}\ominus)=$ . , $P\rho’=F,$ $P_{\Psi(g)}=G$ .
Lie(M) {0} $G$ split normal real form
( : $GL(n,$ $\mathbb{R}),$ $Sp(n,$ $\mathbb{R})$ ), $G$ quasi-split $\mathrm{w}\backslash$
( : $G.L(n,$ $\mathbb{C}),$ $SU(n,$ $n)$ ).
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$G$ $L$ $(\tau, V_{\tau})$ , $\tau$ $G$ $\mathrm{I}\mathrm{n}\mathrm{d}_{L^{\mathcal{T}}}^{G}$ ,
$\ovalbox{\tt\small REJECT}$ $G$ $f(g)$
$G$ ( ) .
$f(gl)=\tau(\mathrm{f})^{-1}f(g)$ $(\forall g\in G, \forall l\in L)$
$L=P_{\Theta},$ $\lambda\in(\hat{G}_{\Theta})_{\mathrm{a}d}$ , $P_{\Theta}=G_{-}\mathrm{O}N\Theta$ $\tau=\lambda\otimes 1\in\hat{P}_{\Theta}$
( ) , $\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}\lambda\ominus$ .
$\emptyset\neq\Theta\not\simeq\subset\Psi(\mathfrak{g})$ ( ) $\mathrm{O}-=\emptyset$ $P_{\Theta}=P$
( ) .
. i) $\lambda\in\hat{G}_{\Theta}$ $\varpi\in\hat{N}$
$\dim\lambda<\infty$ , $\dim\varpi=1$
. \lambda |A generic
$\dim \mathrm{H}\mathrm{o}\mathrm{m}(\mathfrak{g},K)(\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}\lambda, \mathrm{I}\mathrm{n}\mathrm{d}_{N}^{G}\varpi)\ominus=\# W(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi_{)}\Theta)\cdot\# W_{\sup \mathrm{p}\varpi M}$. $ di \l mbda$
$\dim \mathrm{H}\mathrm{o}\mathrm{m}_{C\infty}(\mathrm{I}\mathrm{n}\mathrm{d}_{P_{\Theta}}^{G}\lambda, \mathrm{I}\mathrm{n}\mathrm{d}_{N}^{G}\varpi)=\# W(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi, \Theta)\cdot\dim_{M}\lambda$ ( $\Leftarrow\lambda$ )
, ( $\mathrm{B}$ , K)K ,
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi:=\{\alpha\in\Psi(\mathfrak{g});\varpi(\mathfrak{g}^{\alpha})\neq\{0\}\}$




$(\mathfrak{g})$ $\varpi$ , “Whittaker
KK $\circ$ ’ , “ $G_{\sup \mathrm{p}\varpi}$ Whittaker
(GSlp7\cap K) $A$ ” .
1. i) $G$ $f(g)$ , Wg $\mathrm{B}$ (, $\rangle$
, $C,$ $m>0$ .
$|f(ke^{H}k’)|\leq C\exp m\langle H, H\rangle^{\frac{1}{2}}$ $(\forall k, k’\in K, \forall H\in a)$
, K
(Whittaker $A$ $|f(e^{H})|$ ).
$\mathrm{i}\mathrm{i})$ $\dim\varpi.=1$
$\varpi\in\hat{N}$ , $\mathrm{n}/[\mathfrak{n}, \mathrm{n}]$ ,
$\sum_{\alpha\in\Psi(\mathfrak{g})}\mathfrak{g}^{\alpha}$ .
$\mathrm{i}\mathrm{i}\mathrm{i})$ $W(\Theta, \prime \mathrm{r})=W(’\mathrm{r}, \Theta)^{-1}$
$\mathrm{i}\mathrm{v})W(’\mathrm{T}, \Theta)$ , $P\mathrm{e}\backslash G/P_{1}$ .
v) $M$ $\dim_{M}\lambda=1$ .
$\mathrm{v}\mathrm{i})\dim\varpi=\infty$ , [Ya] .
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1. $\underline{\sup \mathrm{p}\varpi=\emptyset}$ ( $\Rightarrow$ )
$W(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi)=W$ $W(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi, \Theta)=W(\Theta)^{-1}$ . ,
$(\# W_{\sup \mathrm{p}\varpi}=1)$ .
$\underline{\Theta=\emptyset}$ , $P_{\Theta}=P,$ $W(\Theta)=W,$ $W(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi, \Theta)=W$ ,
, $\lambda|A$ generic
, $\# W$ intertwining operators
.
$G$ , $M=G$ , Peter-Weyl
.
- $\Theta$ . ,
$\# W(\Theta)$ intertwining operators
.
2. $\underline{\varpi\mathrm{B}\grave{\grave{1}}\mathfrak{X}_{1}\backslash \underline{\mathrm{F}\mathrm{e}}\{[U\supset\pm\ovalbox{\tt\small REJECT}_{\grave{\overline{\mathrm{D}}}}^{\mathrm{B}J}.}(\Rightarrow$ : [Slk], [Ko], [Ha],
[GW], [Ma3], [Ma4], – $7^{\mathrm{o}}$ [ ] etc)
$W_{\sup \mathrm{p}\varpi}=W$ $W(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi)=\{e\},$
$\Sigma(\mathfrak{g}_{\sup \mathrm{p}\varpi})=\Sigma(\mathfrak{g})$ .
$W$ ( $\mathrm{s}\mathfrak{U}\mathrm{p}\mathrm{p}\varpi,$ O-)\neq \emptyset \Rightarrow \Theta =\emptyset $W(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi, \emptyset)=\{e\}$ .
3. $\underline{G=GL(n,\mathbb{R})}$ . $\mathrm{O}-$ $n$ $\mathfrak{l}\mathrm{J}$ , Young .
( $W$ $A$ ), .
$\# W(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi, \Theta)=1$
$\Leftrightarrow(‘ \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi$
$\Theta$ ” (Young ).
$\underline{G=GL(7,\mathbb{R})}$\sigma ) :
$G_{\Theta}=GL(2, \mathbb{R})\mathrm{x}GL(4, \mathbb{R})\mathrm{x}GL(1, \mathbb{R})\Rightarrow 7=2+4+1=4+2+1$ :
$\Theta=\{1_{\backslash }3., 4,5\}$ .
$7=(4+2+1)’=3+2+]+1\Rightarrow 2+1+3+1$ :
$G_{\sup \mathrm{p}\varpi}=GL(2, \mathbb{R})\cross GL(1, \mathbb{R})\cross GL(3, \mathbb{R})\mathrm{x}GL(1, \mathbb{R})$
$n=7$ $p_{3}’p_{1}’p_{2}’p_{4}’$
$=2+4+1$ $\lambda_{2}$ : $n_{2}’=4$ $P_{2,4,1}=(_{*}^{GL(2\}}*$ $GL(4)$ $GL(\mathrm{I}))$
$\lambda_{1}$ : $n_{1}^{/}=2$
$=2+1+3+1$ $\lambda_{3}$ : $n_{3}^{l}=1$
$G_{\Theta}=GL(n_{1}’, \mathbb{R})\cross GL(n_{2}’, \mathbb{R})\mathrm{X}\cdots,$ $G_{\sup \mathrm{p}\varpi}=GL(p_{1}’, \mathbb{R})\mathrm{x}GL(p_{2}’, \mathbb{R})\mathrm{x}\cdots$
, Young $(n_{i}’,p_{j}’)$ $(\mathrm{i}, j)$
0, 1, . . . .
$K$- $A$ , .
$E_{2,4,1}(\lambda_{1}, \lambda_{2}, \lambda_{3}):=\mathrm{I}\mathrm{n}\mathrm{d}_{P_{2,4,1}}^{G}(\lambda_{1}, \lambda_{2}, \lambda_{3})$
$-+E(\lambda_{1}, \lambda_{2}+1)\otimes E(\lambda_{2}+1)\otimes E(\lambda_{1}-2, \lambda_{2}, \lambda_{3}+1)\otimes E(\lambda_{2}-1)$
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$\lambda_{1},$ $\lambda_{2},$ $\lambda_{3}$ $GL(2, \mathbb{R}),$ $GL(4, \mathbb{R}),$ $GL(1, \mathbb{R})$
, . $E(\lambda_{1}, \lambda_{2})$
$(\lambda_{1}, \lambda_{2})$ $GL(2, \mathrm{I}\mathrm{R})$ .
$GL(p_{j}’, \mathbb{R})$ , Young $p_{j}’$ $\lambda_{i}$ $i$
, ($j$ , $k$ \lambda \sim $(n_{i}’.,p_{j}’)$
$k-1$ $GL(p_{j}’, \mathbb{R})$ $E(\cdots)\backslash$
.
, $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi$ $G_{\sup \mathrm{p}\varpi}=GL(2, \mathbb{R})\mathrm{x}GL(1, \mathbb{R})\cross GL(3, \mathbb{R})\mathrm{x}GL(1, \mathbb{R})$
$\mathrm{I}\mathrm{n}\mathrm{d}_{F_{2,4,1}}^{G}(\lambda_{1}, \lambda_{2}, \lambda_{3})$ Whittaker
, $\# W(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi, \Theta)=1$ , KK $A$
$G_{\sup \mathrm{p}\varpi}$
$E(\lambda_{1}, \lambda_{2}+1)\otimes E(\lambda_{2}+1)\otimes E(\lambda_{1}-3, \lambda_{2}, \lambda 3+1)\otimes E(\lambda 2-1)$
Whittaker ,
$W(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi_{?}\Theta)$ ).
$\underline{G=GL(n,\mathbb{R})\hslash^{\}}\text{ }\neq W(\sup \mathrm{p}\varpi,\Theta)=1}$ .
“Whittaker KK $A$ Whittaker ”
$\Leftrightarrow$
“
$G_{\sup \mathrm{p}\varpi}$ $GL(2, \mathbb{R})$ $GL(1, \mathbb{R})$ ’]
$\Leftrightarrow$
“
$P\ominus$ , ( $G$ ) ”
Whittaker , 1 Whittaker (cf.
[WW] $)$ .
$P_{\Theta}$ ( , $G/P_{\Theta}$ )
:
$x=(x_{ij})\in GL(n, \mathbb{R})$
$\mathrm{B}=\mathrm{B}^{[(n,\mathbb{C}):}GL(n, \mathbb{C})$ Lie . $n$ .
$E_{:j}$ : $(i, j)$ 1 0 $((\mathcal{T}\mathrm{t}, \mathbb{C})$
$(E_{ij} \varphi)(x)=\frac{d}{dt}\varphi(xe^{tE_{\mathrm{i}j}})|_{t=0},$
$E_{ij}= \sum_{\nu=1}^{n}x_{l/i^{\frac{\partial}{\partial x_{\nu j}}}}$ ,
$\mathrm{n}=\sum_{1\leq j<i\leq n}\mathbb{C}E_{ij}$ ( $n$ )
$\varpi(\exp(\sum_{i>j}t_{ij}E_{ij}))=e^{\sqrt{-1}(c_{1}t_{21}+\cdots+c_{n-l}t_{nn-1})}‘$
.
$\Theta=\{1,2, \ldots, k-1, k+1, \ldots, n-1\}(2\leq 2k\leq n),$ $P_{\Theta}=Pk,n-k$
“
$\mathrm{I}\mathrm{n}\mathrm{d}_{P_{k,n-k}}^{G}(\lambda, \mu)$ Whittaker )$\circ$
$\Leftrightarrow cici+1=c_{\mathrm{t}_{1}}ci_{2}\ldots ci_{k+1}=0(1\leq i<n, 1\leq \mathrm{i}_{1}<\cdots<i_{k+1}<n)$
,
$\{$
$c_{i}=0$ $(i=2,4, \ldots, 2k, 2k+1,2k+2, \ldots, n-1)$ ,
$c_{2j-1}\neq 0$ $(j=1, \ldots, k)$
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Whittaker $K$ $=\{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(e^{t_{1}}, \ldots, e^{t_{n}})\}$
;
$\{$
$E_{i}u=\mu u$ $(i=2k+1,2k+2, \ldots, n)$ ,
$(E_{2j-1}+E_{2j})u=(\lambda+\mu-2j+k+1)u$ ,
(( B2-12-E2)2–(–E2-2I-E2j)-c22j-1e2(t2j-1-t2j))u=\lambda J1 $UE\downarrow(^{\ovalbox{\tt\small REJECT}_{2}}\lambda--k+1-1)u$ ,
Here $j=1,$ $\ldots,$ $k$ , $E_{\nu}= \frac{\partial}{\partial t_{\mu}}$ $(\nu=1, \ldots, n)$ .
, $2^{k}$ .
, $GL(2, \mathbb{R})_{+}$
, 2 Bessel ( $K$
, Whittaker ).
2. i) $G=GL(n, \mathbb{R})$ $\dim\lambda=1$ , $\mathrm{A}\mathrm{n}\mathrm{n}_{U(\mathfrak{g})}(\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}\lambda)\ominus$
[02] (cf. 3 $\mathrm{i}\mathrm{v}$) $)$ ,
(cf. $[\mathrm{O}3]$ ).
$\mathrm{i}\mathrm{i})$ ( $G$ ) $W$ ( $T,$ O-) , *
, Jordan [BC1], [BC2] .
, ;
$\frac{d}{dt}\varphi$ ( $e^{tE_{ij}}$ diag $(e^{t_{1}},$ $\ldots,$ $e^{t_{n}})$ ) $|_{t=0}=ej,i\varphi$ (diag $(e^{t_{1}}, \ldots, e^{t_{n}})e^{tE_{xj}}.)|_{t=0}$ ,
$ej,\overline{\iota}=$ eti-
, $D\in U(\mathfrak{g})$ , $K$
$\tau$ Whittaker
$R=1$ \Sigma i$<j\leq n(e_{i,j}E_{ij}-e_{j_{j}i}E_{ji}+\tau(E_{ij}-E_{ji}))U(g)$
$+ \sum_{n\geq i>j+1\geq 2}U(\mathfrak{g})E_{ij}+\sum_{1\leq i<n}U(\mathfrak{g})(E_{i+1i}+\sqrt{-1}c_{i})$






$\text{ ^{}\backslash }$ \sigma ) $\mathrm{A}_{\overline{\mathfrak{Q}}}$
$GL(2, \mathbb{R})_{+}$ ( 2 Lie ) $G$
Whittaker \pi =f.=u $K$ .
$U(\mathfrak{g})$ , 2 (cf. $[\mathrm{O}3]$ ).
$\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}(\begin{array}{ll}E_{11} E_{12}E_{21} E_{22}\end{array})=E_{11}+E_{22},$ $\detarrow(\begin{array}{ll}E_{\mathrm{l}1} E_{12}E_{21} E_{22}-1\end{array})=E_{11}B_{22}^{\urcorner}-E_{21}E_{12}-E_{1}$ .
7\S








, $u(t1, t2)$ (
$u(t)=e^{\underline{\lambda}}2(t_{1}+t_{2}\rangle v(t_{1}-t_{2})\pm \mathrm{i}$,
$v”(x)-v’(x)-(c_{1}\ell e^{x}+c_{1}^{2}e^{2x})v(x)=\nu(\nu-1)v(x)$ $( \nu=\frac{\lambda-\mu}{2})$ ,
$w”(s)-(c_{1}^{2}+ \frac{c_{1}l}{s}+\frac{l/(\nu-1)}{s^{2}})w(s)=0$ with $w(e^{x})$ $=v(x)$ ,
$s=x_{1}x_{2}^{-1}$ with $(\begin{array}{ll}x_{1} 00 x_{2}\end{array})\in GL(2, \mathbb{R})+,$ $x_{1}>0,$ $x_{2}>0$ .
($w(s)$ (0, $\infty)$ ).
$w$ , $\nu$ $1-l/$ .
, $2\nu\not\in \mathbb{Z}$
. , $\mathrm{I}\mathrm{n}\mathrm{d}_{N}^{G}\varpi$
2 . $2\ell\in \mathbb{Z}$
, , .
$c_{1}\neq 0$ , $W(\pm 2c_{1}s)=w(s)$ , $W(s)$ Whittaker
(cf[WW]) .
$W”+(- \frac{1}{4}\mp\frac{\ell}{2s}+\frac{\frac{1}{4}-(\nu-\frac{1}{2})^{2}}{s^{2}})W=0$ .
$\infty$ , $sarrow+\infty$ (
$\sim e^{-\frac{s}{2}}$ s ) , Whittaker (cf. [WW]) .
$W_{\mp\frac{\mathit{1}}{2},\nu-\frac{1}{2}}(s)= \frac{z^{\mp\frac{\mathit{1}}{2}}e^{-\frac{s}{2}}}{\Gamma(\nu\pm\frac{\ell}{2})}\int_{0}^{\infty}t^{\nu\pm\frac{\ell}{2}-1}e^{-t}(1+\frac{t}{s})^{l/\mp\frac{l}{2}-1}dt$ .
$\pm c_{1}>0$ , Whittaker $K$ ,
Whittaker .
$P=0$ ( $K$ )
$\tilde{w}$ (\pm cls)=s- $w(s)$ ,
$\tilde{w}’’+\frac{\tilde{w}’}{s}-(1+\frac{(\iota/-\frac{1}{2})^{2}}{s^{2}})\tilde{w}=0$
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, $\tilde{w}$ Bessel . $sarrow\infty$
, $\nu-\frac{1}{2}$ Macdonald ( 2 Bessel )
.
$K_{l/-\frac{1}{2}}(s)= \sqrt{\frac{\pi}{2s}}W_{0,\iota/-\frac{1}{2}}(2s)=\frac{1}{2}\int_{0}^{\mathrm{c}\mathrm{o}}e^{-\frac{s}{2}(t+\frac{1}{\mathrm{g}})}t^{-\iota/-\frac{1}{2}}dt$.
, $c_{1}=0$ $(C_{1}, C_{2}\in \mathbb{C})$ .
$v(x)=\{$









$c_{1}\neq 0$ ( quasi-split [Ko]).
2. Harish-Chandra .
$\mathfrak{g}=\overline{\mathrm{n}}+a+\mathrm{n}$ : Lie ( $G$ normal real form )
, Harish-Chandra :
$\gamma_{\varpi}$ : $U(\mathfrak{g})arrow U(a\rangle, D\vdash+\gamma_{\varpi}(D)$ with
$D- \gamma_{\varpi}(D)\in\overline{\mathfrak{n}}U(\mathrm{g})+U(\mathfrak{g})\sum_{X\in \mathrm{n}}(X-\varpi(X))$
3. $I:\mathfrak{g}$ U( ) .
i) $\gamma_{\varpi}(I)$ $U(a)$ .
$\mathrm{i}\mathrm{i})$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi\subset \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi’\Rightarrow\gamma_{\varpi}(I)\subset\gamma_{\varpi’}(I)$
$\mathrm{i}\mathrm{i}\mathrm{i})$ X $\alpha$ (0 ) .
$\mathrm{g}\mathrm{r}(I)$ $\sum_{\alpha\in\sup \mathrm{p}\varpi}$ X , $\gamma_{\varpi}(I)=U(a)$ .
, [Ma2] .
$\mathrm{i}\mathrm{v})\gamma_{\varpi}(\mathrm{A}\mathrm{n}\mathrm{n}_{U(g\rangle}(\pi))=U(a)$ , $N$ $\varpi$ $\pi$ Whittaker
( $\mathrm{A}\mathrm{n}\mathrm{n}_{U(\mathrm{g})}(\pi):=\{D\in U(\mathfrak{g});\pi(D)=0\}$ ).
v) 3. , $=\overline{\mathrm{n}}_{\Theta}+\mathfrak{g}0-$ +n .
$\pi\in\hat{G}_{ad}$ , $\gamma_{\varpi}(\mathrm{A}\mathrm{n}\mathrm{n}_{U(\mathfrak{g})}(\pi))$ .
3. $K\mathbb{C}\mathrm{x}$ AN (cf. [GW], [O1], [Mal])
Weyl chamber ( ) $\exp(\sqrt{-1}\mathrm{t}+a)$
. $\mathrm{t}$ $\tau \mathrm{n}=Z_{\mathrm{f}}(a)$ .
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$W(\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varpi, \Theta)$ , .
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